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A BUG’S EYE VIEW: THE RIEMANNIAN EXPONENTIAL MAP ON POLYHEDRAL
SURFACES
DAVID GLICKENSTEIN
When a blind beetle crawls over the
surface of a curved branch, it doesn’t
notice that the track it has covered is
indeed curved. I was lucky enough to
notice what the beetle didn’t notice.
Albert Einstein - letter to his son
Eduard (1922) [2]
1. Introduction
What would happen if Einstein’s beetle saw in the
same way he was able to move? If light traveled along
a surface to the eye, we would not perceive things in
quite the same way. We will attempt to conceive of
what the world would look like if light traveled in
straight lines on the surface of a polyhedron. We will
become flatlanders, as in E. A. Abbott’s famous book
[1], except that our Flatland has pockets of curvature
that come from the failure of vertices of polyhedra to
be flat.
Our assumption is that in every direction, we can
look out along straight paths (geodesics) and see ev-
erything that reaches our eye along that path unless
it is blocked by something in front of it. In this way,
when we look out, we will see a vast plane of view in
every direction and as far as the light will carry.
In Riemannian geometry, this view is a represen-
tation of the exponential mapping. The basics of the
exponential map can be found in just about any text
on Riemannian geometry, for instance [4].
2. Methods
In trying to understand how light travels along a
surface, it is clear that within a (Euclidean) poly-
gon, light travels along straight lines. If a bug is on
a polygon, it will see the polygon in the usual (flat-
land) way. The interesting thing is what happens as
the bug looks beyond the polygon. Should it look in
the direction of an edge, the geometry is such that it
will look as though part of the next face (polygon)
is folded up into the plane of the first face. The ray
from the bug’s eye through the two polygons is all vis-
ible. The process of folding part of a polygon along
an edge into a flat position is called developing the
polygon.
But now what happens as the direction of gaze
moves and eventually hits a vertex? As the gaze
sweeps over a vertex, we can continue to develop poly-
gons into the plane, but any ray that goes through a
vertex will cause a cut in the polygon, and stop the
development. The rays going through vertices are un-
predictable; we will discuss what is really happening
later.
We can thus consider the view by starting on the
polygon the bug is on, and then recursively devel-
oping neighboring polygons, cutting along rays that
intersect vertices. This produces a “map view.”
How can we really get a feel for what a bug sees,
using our own intuition of what it looks like to see
things in a distance? We decided to turn these two-
dimensional surfaces (made of polygons glued together)
into a three-dimensional space that has a very small
height. In this way, we can consider the bug’s eye
as slightly above the polygon, and then view what it
looks like to be the bug. We call this the “first person
view.”
3. Phenomena
In this section we show some interesting phenom-
ena that occur on the map and first person view.
3.1. Repetition. If one traces a long geodesic, it
may curve back around to the same point or nearby
the same point. This phenomenon manifests as seeing
multiple images of the same object along a straight
path. The ladybug sees itself multiple times if it can
see far enough relative to the size of the surface. This
can occur on any surface and is the result of short geo-
desic loops (or actually 1-gons) on the surface. Figure
1 shows a picture of repetition.
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2Figure 1. Repetition on a cube,
map and first person views
3.2. Lensing/positive curvature. A vertex has pos-
itive curvature if the sum of the angles of the polygons
at the vertex is less than 2pi. If one looks in the vicin-
ity of a point with positive curvature, an object on
the other side will appear in more than one direction.
Figure 2 shows how two geodesics can curve around
a vertex in a cube to reach the same point. If the
curvature is large enough, there can be many images
as geodesics can curl around the positive curvature
point in multiple ways. Figure 3 shows how lensing
can cause the ladybug to appear to be facing itself.
One can also see the lensing of an ant appearing in
two places.
3.3. Cloaking/negative curvature. A vertex has
negative curvature if the sum of the angles of the
polygons at the vertex is more than 2pi. In the pres-
ence of a point of negative curvature, often all the
shortest paths to a whole region will go through a
single point of negative curvature. One can see this
by developing into the plane; the leftover “flap” of
surface will all be accessible through the point of neg-
ative curvature. This means that all light from this
region to the viewer goes through the same point,
which essentially means that nothing can be distin-
guished from each other on that path, causing that
region to be cloaked. In order to see objects in that
region, one needs to circle around the point of nega-
tive curvature to reveal them. Figures 4 and 5 show
cloaking; the ‘X’ on the blue triangle disappears from
view as the ladybug moves forward. This example is
Figure 2. Geodesics on the cube
that curve around a vertex in the
embedded and map views
on a tetrahedron made from four triangles that do
not fit together in three-dimensional space since the
triangles meeting at one vertex have angles summing
to more than 2pi.
Cloaking is due to the fact that there are many
geodesics going through a point of negative curva-
ture on the polyhedron, and so we cannot distin-
guish images on the other side of that point. Note
that although one cannot have actual cloaking on a
smooth manifold, a slightly smoothed surface with
lots of negative curvature in a small region will force
all geodesics to go through that region. If the region
is small enough so that the viewer cannot distinguish
3Figure 3. Lensing on an irregular
tetrahedron in map and first person
views
points in the region very well, the same effect will be
achieved.
3.4. Fracturing/nonfracturing. If the sum of the
angles at a vertex equal to 2pi divided by an integer,
the map view will not appear to change as one walks
through the surface (though there could be repeti-
tion and/or lensing. If it is a rational multiple of
2pi, then the map view will look fairly contiguous, al-
though masking may also occur. If, however, the sum
of angles is not a rational multiple of 2pi, then the as
one moves through the manifold, the view will change
significantly along rays that go through vertex points
that are not flat. These accumulate as one goes out a
large distance and there appears to be a fracturing of
Figure 4. Cloaking on map view on
a nonembedded tetrahedron
Figure 5. Cloaking on first person
view on a nonembedded tetrahedron
the manifold in the horizon. Figure 6 shows the non-
fracturing case of the regular tetrahedron and Figure
7 shows fracturing.
3.5. Apexing. Since there are no shortest paths that
go through a vertex of positive curvature and there
are many shortest paths that go through a vertex of
negative curvature, when walking through a vertex
the resulting position and orientation can be a little
unpredictable. This is analogous to trying to run over
the apex of a mountain; it is not always clear how you
will be oriented when you go down. See Figure 8.
4Figure 6. Non-fracturing of a reg-
ular tetrahedron
Figure 7. Fracturing of a non-
regular tetrahedron
4. Conclusion
We have seen several way that the geometry of
polyhedra affect how light travels around a surface
that are quite different than what happens in the Eu-
clidean plane. Finite extent can cause straight lines
to curve back on themselves, resulting in repetition
of images. Positive curvature can cause straight lines
to swirl around to avoid the positive curvature point,
which we call lensing. Negative curvature can cause
many straight lines to go through the same negative
Figure 8. Apexing in embedded,
map, and first person views on an
octahedron
curvature point, and objects on the other side of that
point can be cloaked. Finally, the fact that there is
curvature at all can cause the size of the pieces of a
polygon that appear together to be fractured at large
distances unless the curvatures are especially nice (for
instance, a rational multiple of 2pi) and causes unpre-
dictable behavior when moving through a vertex with
curvature.
Many of these phenomena occur on smooth Rie-
mannian manifolds due to finite extent in some di-
rection (short geodesics) and curvature. The main
difference with polyhedra is that the curvature is con-
centrated at vertex points, where there is infinite cur-
vature at isolated points.
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